BICOMMUTANTS AND RANGES OF DERIVATIONS 



IP 



BOJAN MAGAJNA 



Abstract. Let V be a vector space, V* its dual space and L(V) the algebra of 
all linear operators on V. For a subset R of L(V) let R" be its bicommutant 
and R the set of all adjoint operators a* , a S R. If R IS a left noethcrian 
subalgebra of L(V), then (R)" = R" ■ When R is singly generated R" is 
described precisely. 

Further, for any two operators a,b £ L(V), b G (a)" if and only if the 
derivations d a and dj, satisfy di,(F(V)) C d a (F(V))), where F(V) is the set of 
all finite rank operators on V. In this case the inclusion dt,(L(V)) C d a (L(V)) 
also holds. 



1. Introduction 

For a subset R of the algebra L(V) of all linear operators on a vector space V 
let R' be its commutant (= the set of all operators in L(V) that commute with 
all elements of R) and R" = (R')' its bicommutant. We denote by (a)' and (a)" 
the commutant and the bicommutant of a single operator a G L(V). As usual, a* 
denotes the adjoint of a, acting on the dual space V*. 

If b G L(V) is such that b* G (a*)", then 6* commutes with all operators e G (a*)', 
hence in particular with all operators of the form e = c*, where c G (a)'. Then 
6c = c6, hence b G (a)". This proves that b* £ (a*)" implies that b G (a)". Is the 
reverse of this implication also true? That is: 

Does b G (a)" zmpfy that b* G (a*)"? 

To be in (a*)" the operator b* must commute with each e G (a*)', but not all 
such e are adjoints of operators on V. So the question is nontrivial; the answer 
to the analogous question in the context of bounded operators on Banach spaces 
can be negative (Section 5). Therefore it is perhaps surprising that the answer for 
general linear operators is positive. 

An operator a on a vector space V over an arbitrary field F introduces to V 
the structure of a module over the principal ideal domain R = ¥[t] of polynomials 
through the correspondence t n- a. We will study the above question for left 
noetherian subalgebras R of L(V) instead of just singly generated ones, this will 
not introduce any additional difficulties. (An algebra R is left noetherian if every 
left ideal of R is finitely generated, see [16] or [20].) Observe that R' is just the 
algebra Lr(V) of all i?-module endomorphisms of V, and that V* is a right R- 
module by {pr, £) := {p,r£), where p G V*, £ G V and r G R. (Here we are 
using the convenient notation (p, £) for the value of a functional p at the vector £.) 
To prove the affirmative answer to the above question, we will first show that for 
any R modules U and V the right i?-module homomorphisms g G L(y*, U*)r can 
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be interpolated on finite subsets of V* and U by adjoints of maps / G Lr(U,V) 
(Theorem [272]) . Then we will also show that for a left noetherian algebra R C L(V) 
each map c in the bicommutant of the set {r* : r G R} is of the form c = b* 
for some b G R" (Theorem 12 .4[) . This means in particular that L(V r *)/j-module 
homomorphisms of V* are automatically continuous in the weak* topology of V* . 
This results can not be extended to the context of general bounded operators on 
Banach spaces. (However, under some specific situations, there are instances of 
automatic weak* continuity, for example, the work of Hofmeier and Wittstock [5] 
concerning certain maps on B(H), or the automatic weak*-continuity of multipliers 
on dual operator spaces [2].) 

In the case R = ¥[a] is the polynomial ring in an operator a G L(y) the above 
mentioned results enable us to give a precise description of the center (a)" of the 
endomorphism ring Lr(V) (Theorem I3.9|) . It turns out that if V is torsion- free, 
then (a)" is isomorphic to a subalgebra of the algebra ¥(t) of rational functions. If 
the torsion submodule of V is not 0, but V is not torsion, then each central element 
b of Lr(V) induces a decomposition V — Tb © Wb, such that b acts on Wb as the 
multiplication by a rational function of a, and Tb is a finite direct sum of torsion 
submodules of bounded orders, on each of which b acts as a polynomial in a. For 
torsion modules the center of 1jr{V) is already known if R is a general principal 
ideal ring (see [T31 p. 72] or [TS] in the case R = Z). 

Our initial motivation for studying the above question was the range inclusion 
problem for derivation ranges. If a is an element of an algebra A, the derivation 
induced by a is the map d a on A, defined by d a (x) — ax — xa. The kernel of d a is 
just the commutant of a in A, but the range of d a also turns out to be interesting. 
If b is another element of A, we may ask, when is the range of db contained in the 
range of d a - This problem was studied in the past by several authors, especially 
in the case when A is the algebra of all bounded operators on a Hilbert space H. 
Very interesting results were obtained by Johnson and Williams in the case 
a is a normal operator, and their work was continued for example by Fong [6], 
Kissin and Shulman QTJ], Bresar [3] and in [3]. Some of their results are of such 
a nature that one would expect them to hold for much larger class of operators a 
than just normal ones. But when trying to show this in a complete generality we 
encountered certain analytic difficulties. We found, however, that the problem is 
interesting also in the purely algebraic context and, since the methods in this case 
are completely different from those required for bounded operators, we decided to 
study this case separately. We will see (Theorem l4.ip that for linear operators a and 
& on a vector space V the condition b G (a)" is equivalent to db(F(V)) C <i a (F(V)), 
where F(V) is the ideal in L(V) of finite rank operators. This condition always 
implies that db* (L(V*)) C d a *(L(V*)). Moreover (Theorem I4.3|). it also implies 
that d b (L(V)) C d a (L(V)). 

2. BlCOMMUTANTS AND ADJOINTS 

2.1. Approximation of operators on V* by adjoints of operators on V. 

As usual, regard any vector space V as a subspace in its bidual V** through the 
natural map V -> V**. 

Lemma 2.1. For each a G L(^) every element 9 G kera** can be approximated by 
elements from ker a in the following sense: for each finite subset {pj : j = 1, . . . , n} 
of V* there exist £ G ker a such that (pj , £) = (pj , 9) for all j . 
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More generally, if R is a subalgebra of L(V), J a finitely generated left ideal 
of R, arniy(J) the annihilator of J in V, and anny»*(J) the annihilator of J in 
V* (where R acts on V** via second adjoints of elements of R), then elements of 
anny»*(J) can be approximated by elements o/anny(J) in the above sense. 

Proof. It is well-known (and elementary) that for every a G L(V) the equality 

(2.1) kera* = (ima) 1 

holds, where (ima) -1 " is the annihilator of ima in V*. Similarly 

(2.2) ima* = (kera)- 1 . 

(For a proof of the nontrivial inclusion (kera) 1 - C ima*, note that for each p G 
(kera)^ the map af i— > p(£) is well defined on ima, and any of its linear extensions 
ui G V* satisfies a*(w) — lo o a — p.) Thus 

kera** = (ima*) 1 - = (kera)- 1 - 1 . 

Since for each subspace U of V, l/- 11 - is naturally isomorphic to the bidual U** of 
U, we infer that kera** = (kera)** (where '=' means the natural isomorphism), so 
the first statement of the lemma reduces to the well-known density of U in U** . 

To prove the second statement of the lemma, let {ai, . . . , a m } be a set of gener- 
ators of J and denote by b the operator (a±, . . . , a m ) : V — > V m . Since 

anny( J) = n ae ,/ kera = n™ 1 ker a% = ker b and anny*» (J) = n™ x ker a** — ker 6**, 

the statement follows from the argument of the previous paragraph. □ 

Theorem 2.2. Let R be a left noetherian unital algebra over any field F and U , 
V any left R-modules. Each g G h(V* ,U*)r can be approximated by adjoints of 
elements of hn(U, V) in the following sense: for every finite subsets G of U and H 
ofV* there exists f G Lr(£7, V) such that 

(9(p),0 - (P, / (f)) for allpeH and f G G. 

Proof. Let us first consider the case when U is finitely generated as an i?-module, 
hence of the form U = R n /A for some n G N and a left submodule A of R n . Since 
the space Lft(R n ,V) can be naturally identified with V n , we thus have a natural 
isomorphism 

L R (U, V) = {fe h R (R n , V) : f(A) - 0} - ann v „ (A). 

Under this isomorphism a map / G Lr(U, V) corresponds to the element 

(fq(ei), ■ ■ -,fq(e n )) G anny»(A), 

where the ej are the usual basic elements of R n (e.j has 1 on the j-th position and 
elsewhere) and q : R n — > U is the quotient map. Similarly, using the natural 
isomorphism 

L(V*,U*) R = L R (U,V**) (g^g*\U), 

we have that 

HV\U*) R = &ni Hv „y l {A). 

A is a left submodule of R n ; in order to apply Lemma 12.11 we will first convert it 
into a left ideal in the ring M n (R) of all n X n matrices over R. Namely, regard 
R n as the space Mi >n (i?) of row matrices (so that in particular the elements of A 
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are rows) and let J = M Ui i(R)A. Then J is a left ideal in M n (R), and we can 
recapture A from J as 

A = RA = M hn (R)M nA (R)A = M hn (R)J. 

This implies that an element £ of V n (or of (V**) n ) is annihilated by A if and only if 
it is annihilated by J (where V n and (V**) n carry the left M„ (i?)-module structure 
obtained from the i?-modules V and V** in the usual way, regarding elements of 
V n and (V*) n as columns). Thus 

annyn (A) = annyn ( J) and ann/y«*)n (A) — anii(y..)» ( J). 

Since i? is left noetherian, each submodule of a finitely generated left i?-module is 
finitely generated |20j . so A in particular is finitely generated, which implies that J 
is a finitely generated left ideal in M n (R). (If {a,j : j = 1, . . . , a TO } is a generating 
set of A and {e^ : i = the usual basis of M nt i(R), then {ejCij : i = 

1, . . . ,m, j = 1, . . .n) generates J.) Since the ring M n (R) is left noetherian [501 
p. 395], we can now apply Lemma CD] it follows that if 9 E (y**) n = (V n )** is 
in ann(y«.)i (A) then for each finite subset Hq of (V"*) n there exists rj E anny™^) 
such that 

(u), 9) — (ui, rf) for all oj E Hq. 

We must now translate this approximation to the context of maps appearing in the 
lemma. 

A map g E L(V*, U*) R corresponds under the above identification to the element 
9 := (g*q(ei), . . . ,g*q(e n j) of ann^..)™ (^4). For each element £ of a given finite 
subset G of U choose a representation £ = Y^j=i r j(0<l( e j) ar± d denote by r(£) the 
element (?"i(£), . . . , r n (£)) of R n . Further, for each p in a given finite subset H of 
V* let pr(£) be the element of (V*) n defined by 

Choose a finite subset Ho of (V*) n so that Ho contains all the elements pr(£) for 
p E H and £ G G. Let 77 G annyn (A) be the approximation for 9 as in the previous 
paragraph and let / G Lr(Z7, V) correspond to 77. Then for each £ G G and p E H 
we have 

(<?(pU> = <P,<f (0> = E<P,»v(0ff*?(ei)> = <pr(0,ff) 
j'=i 

j=i 

In general (if Z7 is not necessarily finitely generated), U is the union of an increas- 
ing net of finitely generated submodules Uk- Then a homomorphism / : U — >• V 
determines the collection (/&) of its restrictions /ft = f\Uk\ conversely, any collec- 
tion of homomorphisms //. E L R (Uk,V), which are compatible in the sense that 
fk\Ui = fi if I < k, defines a homomorphism from U to V. Thus 

L R {U,V) = ]imL R (U k ,V) := {(/*) G JjL«(t^, V) : Z < => f k \Ui = ft}. 

k 

Similarly 

L(V*, U*) R = L R (U, V**) = limL K (C/ fe , V**). 
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Since each finite subset G of U is contained in some Uk and each g G L(V*, U*)r 
acts on G as the restriction g*\Uk, the proof is reduced to the case of finitely 
generated modules Uk- □ 

The notion of the inverse limit, used at the end of the above proof, is explained 
in detail e.g. in [2Ql Section 1.8], but here we do not need very much of it beyond 
the notation. We note that the approximation in Theorem 12.21 is in a weaker sense 
than, say, the one in the classical Jacobson density theorem ||, p. 159], but 
no assumption of semisimplicty is needed in Theorem 12.21 Now we show by an 
example that the left noetherian condition on R in Theorem 12.21 is not redundant. 

Example 2.3. Let V be an infinite dimensional vector space and W a weak* dense 
subspace of V*, different from V*. (For example, W = ker# for some E V** \ V '.) 
Let R — L(V), J = {a E R : ima* C W} (so that J is a left ideal in R) and 
U := R/J. Then, denoting by S± and S the annihilators of a subset S C V* in 
V and in V** (respectively), and identifying Lr(R, V) with V, we have that 

L R (U, V) = anny(J) = n ae , 7 kera = (Y^ ima*)i = W± = 0, 

aE.J 

but 

L(V*,U*) R = L R (U,V**) = n aeJ kera** = (^imaf = W x ^ 0. 

2.2. Bicommutants and adjoints. Let us now study the relation between the 
operations of taking the bicommutant and the adjoint. 

Theorem 2.4. If R is a left noetherian subalgebra ofh(V), then 

(R)" = R 7 ', where R := {a* : a E R} and R" := {b* : b E R"}. 

Proof. First we will prove the inclusion 

R" C (R)". 

For each b E R" we have to show that b*g = gb* for all g E R', or equivalently, that 

(b*9P,0 = {9b*p,® 

for all £ S V and p £ V*. Given g, £ and p, by Theorem 12.21 there exists f E R' 
such that 

(9pM) = (p,m and (gb*p,0 = (b*p,fO- 

Hence 

- (ffP,&e> = (P,fb0 = (P,bf0 = <6>,/£) = (.gfo*p,e). 

To prove the reverse inclusion, R" D (R)", it suffices to show that each c E (R)" 
is equal to b* for some b E L(V), since b is then necessarily in R". (Indeed, b* = c 
commutes with all elements of (R)' , in particular with all elements of the form /*, 
where / E R' . Hence bf = fb and therefore b must be in b E R" .) If we can show 
that V is an invariant subspace for c*, then with b :— c\V we will have c = b* . The 
condition c*T^ C V is clearly equivalent to the condition 

c**(F- L ) C K x , 

where y- 1 - is the annihilator in V*** — (y**y of the subspace V of V**, that is 
V- 1 = {a G V"*** : cr(y) = 0}. To prove this last condition, recall that the adjoint 
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of the natural inclusion V — > V** provides us with an idempotent p G L(V***) with 
the range V* and the kernel V . For each a G R the range V* of p is invariant 
under a*** (since a ***\V* — a*). But the kernel V 1 - of p is also invariant under 
a***: indeed, for any a G V 1 - and (eFwe compute that (a*** a, £) = (cr, a**£) = 0, 
since a**£ = a£ G V. The fact that kerp and imp are both invariant under a*** 
means that p commutes with a***, hence p G L(V***)r. Note that R is a right 
noetherian subalgebra of L(V*). Since c G (JR)" = (L(V*)r)', it follows from the 
version for right modules of what we have already proved in the previous paragraph 
(applied to the right module V*) that c* G (Lr(V**))' , hence by the same argument 
again c** 6 (L(V***)r)' . We conclude that c** commutes with p and therefore the 
subspace V = kerp (and also imp) is indeed invariant under c**. □ 

Observe that if R is generated by a single operator a (and the identity) Theorem 
12.41 says that the center of the algebra L(V*)n consists of all operators b*, where b 
is in the center of Lr(F). 

3. BlCOMMUTANTS OF LINEAR OPERATORS 

From now on R will denote the algebra ¥[t] of polynomials with coefficients in 
a field F, and K — F(t) will be the field of all rational functions. A vector space V 
over F will be regarded as an i?-module via t h-> a, where a G L(V) will be fixed. 
Thus, for p G R and £ G V, p£ means p(a)£. 

3.1. Preliminaries. Recall that an i?- module is torsion if each f e K is anni- 
hilated by some nonzero p G R, that is p£ = 0. Thus V is torsion means that a 
is locally algebraic. On the other hand, is called torsion-free if p£ ^ for all 
nonzero p G R and (eF. 

Consider now an example that will be useful later. 

Example 3.1. Let V = ¥^ be the vector space of all sequences with the entries 
in a field F that have only finitely many nonzero terms. Let a G L(V) be the shift 
to the right: 

a(6,6,...) = (0,6, &,••.)• 
V has a cyclic vector £ = (1, 0, 0, . . .) for a and p(a)£ ^ for all nonzero polynomials 
p G R, hence V, as a module over R, is isomorphic to R. Since R is commutative 
this implies that (a)" = (a)' = Lfl(i?) = R. 

The dual i?* of R is isomorphic to V* , hence to the module F N of all sequences 
with the entries in F, where the module operation is given by the backward shift 
a *(£i, £2, • • •) = (£2, £3, • ■ •)■ Observe that V* is not a torsion module: it is possible 
to recursively define ry„ G F such that all the translates {a*) n -q (n G N) of the 
vector -q := (770, ?7i, • • •) arc linearly independent, hence p(a*)rj ^ for all nonzero 
polynomials p G F[i]. Indeed, set 770 = 1 and assume inductively that 770, . . . , r]i n 
have already been found such that the determinant 





Vo 


m 


■ Vn 


Sn = 




m 


■ Vn+l 




Vn 


Vn+l ■ 


■ V2n 



is nonzero. Then we can find ?72n+ii Vin m F such that the corresponding determi- 
nant 5 n +i is nonzero. (We can even choose r]2 n +i =0.) 
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We would like to describe the center Z of Lr(V) (which is just (a)"). By Theorem 
12.41 Z is isomorphic to the center of L(V*)r and this will turn out to be a helpful 
information. A module V is called injective if it is a direct summand in any module 
in which it is a submodule 7, p. 204], [16j p. 60]. This is equivalent to the 
requirement that for each pair of modules U C W every module homomorphism 
/ : U —> V extends to a module homomorphism W — > V. A module over a principal 
ideal domain R is injective if and only if V is divisible (see [20] or [T6l p. 71]), which 
means that for every 77 6 V and every nonzero p <E R there exists ( £ F such that 

p£ = V- 

If V is torsion free, then so are all finitely generated submodulcs of V and, 
since R is a principal ideal ring, such submodules are free, hence flat [16j p. 123]. 
Therefore V is flat, hence its dual V* is injective by [HI Lemma 3.5]. Consequently 
by [16| Theorem 3.48] V* is a direct sum of indecomposable injective modules Wk- 
By [Tni Example 3.63] every such Wk is isomorphic to cither K = F(t) or to one of 
the primary summands R(p°°) of the torsion module K/ R, where p £ R is prime. 

We note that R(p°°) is equal to the union of the increasing sequence of cyclic 
submodules C n = R(p~ n + R) = R/(p n ) (n = 1,2,.. .), which are invariant under 
all endomorphisms of R(p°°). Since the endomorphism algebra of the cyclic module 
R/{p n ) is isomorphic to R/(p n ) (namely, each endomorphism is determined by the 
image of the generator l + (p n )), it follows that the endomorphism algebra of R(p°°) 
can be identified with 

limL fi (C n ) = lim R/(p n ) =: R p . 

This algebra is analogous to the ring of p-adic integers [7, p. 54]; its elements can 
be regarded as formal power series of the form 

00 

(3.1) / 

3=0 

where fj G R are of degree less than the degree of p. Each such series acts as an 
endomorphism of R(p°°) by multiplication: / ■ p~ k = Y^j=o fjP^ k {k = 1,2,.. .). 
Observe that on each cyclic submodule C n this multiplication by / has the same 
effect as the multiplication by the polynomial polynomial Y^j=o foP* e ^" ^ ur " 
ther, in this way R/(p n ) = C n becomes a module over R p , and an i?-modulc 
homomorphism of such modules is automatically an i? p -module homomorphism. 
We shall also need to know that there is a monomorphism of rings 1 : R p — > R p , 
where R p :— {u/v : u,v £ R, v prime to p}. By definition l(u/v) is the ele- 
ment in lim^ R/(p n ) with the component in R/(p n ) equal to the class of u/v in 
R/{p n ). (Since v is not divisible by p, the class (v) n is invertible in R/(p n ), hence 
(u/v) n := (u)„(w)^ 1 is meaningful.) We will thus regard R p as a subring in R p . 

3.2. Torsion-free modules. 

Lemma 3.2. Let V be torsion free. Then in the decomposition ofV* into a direct 
sum of indecomposable injective modules at least one summand must be K , hence 
the decomposition takes the form 

(3.2) V* = K®(® pePv R(p°°)), 

where Py is the set of all primes p 6 R such that anny. (p) 0. 
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Proof. Otherwise V* would be a torsion module, hence such would also be every 
quotient of V*. But, since V is torsion- free, it contains a copy of R, hence R* is a 
quotient of V*. However, by Example 13.11 R* is not torsion. □ 

With respect to the decomposition (I3.2[) each endomorphism of V* is represented 
by a matrix of homomorphisms between various summands. An element of the 
center Z must commute in particular with the projections onto the summands, so 
is represented by a diagonal matrix b with the diagonal entries in K or in R p . If 
ro G K and / € R p are such entries, then 

(3.3) fg(r) = g(r r) (r € K) 

for each R- module homomorphism g : K — » R(j>°°), since g can be extended to the 
endomorphism of V* by on other positions in the corresponding matrix, and b 
must commute with this extension. 

Lemma 3.3. For a prime p £ R the presence of the direct summand R(p°°) in the 
decomposition \3. || ) of V* implies the equality rg — f in R p . (More precisely, f 
must be equal to the image of ro in R p under the ring monomorphism R p — > R p .) 
This equality is also sufficient for 13.3]) . 

Proof. Let g be the composition of the quotient map K — > K/R followed by the 
projection of K/R onto its p-primary component. The effect of g on any rational 
function r can be seen by expanding r into partial fractions with denominators 
powers of primes q € R: g annihilates all the terms with denominators of the form 
q n , q 7^ p (n — 1, 2, . . .), and leaves the terms with denominators of the form p n 
unchanged, so the kernel of g is K n R p . 

Set r = 1 in (|3.3p . Since g(l) — 0, it follows that g(ro) — 0, which means that 
ro G K H R p . If we show that 

(3.4) g(r r) = r g(r) (r G K), 

then from (|3.3|) and (|3.4|) we will have fg(r) = r g(r), hence (since g is surjective) 
/ = r{). Let ro = u/v, where u,v G R are relatively prime; then ro is in R p if 
and only if v is not divisible by p, and then v is invertible in R p . For any R- 
module map g : K — > R(p°°) we have vg(r$r) = g(vror) = g(ur) — ug(r), hence 
g(r r) = (u/v)g(r) = r g(r). 

Conversely, if ro = / in R p , then since (|3.4[) holds for all module homomorphisms 
g: K -)• R(p°°), (J3T3J) also holds. □ 

Observe that the summand R(p°°) is present in the decomposition of V* if and 
only if kerp(a*) ^ 0, which is equivalent to p(a)V ^ V. Note also that, there are no 
nonzero R- module homomorphisms from R(p°°) to K since R(p°°) is torsion, while 
K is torsion-free. Thus, we may summarize the discussion so far in the following 
proposition. 

Proposition 3.4. If V is a torsion-free module over R = ¥[t], then the center of 
Lr(V) is isomorphic to the algebra A :— n p< =p v (K (1 R p ), where K = ¥[t] and Py 
is the set of all primes p G R such that pV ^ V . In other words, if an operator 
a G L(V) is such that p{a) is injective for all p G R, then its bicommutant (a)" is 
isomorphic to the subalgebra A of K consisting of all r = u/v (u,v G R relatively 
prime) such that v(a) is invertible. 



9 



3.3. Torsion modules. The center Z of Ijr(V) for a torsion module V is already 
known [13]. We will now describe the result in a form needed later. Let P be the set 
of all primes in R and for each p £ P let V p = {£ £ V : p fc (a)£ = for some k G N}, 
the p-primary part of T^. It is well-known |13j that 



where Qv is the set of all p 6 P such that VJ, 7^ 0. Let us first consider the case 
when there is only one summand in this decomposition, that is V = V p for some 
p G P. In this case V is equal to the union of the increasing sequence of submodules 
U n := kerp™(a). If V = U n for some n then a is algebraic and therefore each b G (a)" 
is of the form b = /(a) for some polynomial p by |T3l Exercise 90, p. 72]. In this 
case Z is isomorphic to R/(p n ). In the remaining case, when U n ^ V for all n, Z 
is isomorphic to the ring R p of all power series of the form (|3.1[) . 

Definition 3.5. For each series / of the form (13. ip define /(a) as follows. Each 
£ G V is in some U m . Choose a polynomial F m G R such that the coset of F m in 
R/(p m ) is equal to the image of / under the map R p = lim^_ R/(p n ) — s> R/{p m ) 
and then let 



If G rn is another such polynomial, then G m — F m is divisible by p m , hence 
G m {o)S, = -F m (a)£. Further, if we enlarge m to m + 1, then F m +i and F m have the 
same coset in R/(p m ), hence again F m+ i(a)£ = F m (a)£. Thus /(a) is well defined. 
Since each U m is invariant under (a)', clearly /(a) G (a)". 

It follows from known results (see [HI Theorem 29] or [HI Proof of Theorem 
19.7]) that every b G (a)" is of the form /(a) for an / as in (|3.1[) . Since all the proofs 
of this which we have found in the literature require a more extensive knowledge 
of the structure theory of torsion modules than it is absolutely necessary, we will 
sketch now a more direct argument. 

Clearly L^(V r ) = lim^ Ln(U n ), since each sequence of endomorphisms g n G 
Lfl(t^n) satisfying g n +i\U n = g n defines an endomorphism g G Lr(V). If we prove 
that every endomorphism b n of the L^-module U n extends to an endomorphism 
b n+ i of U n +xi then it follows easily that the center of \jr(V) is the inverse limit 
of the centers of Ln(U n ). These centers are isomorphic to R/(p n R) since a\U n 
is algebraic with the minimal polynomial p n . (This is [El Exercise 88]; perhaps 
the simplest proof is by using the fact that R/(p n ) is a self-injective ring by [16j 
Corollary 3.13].) Now U n+ i is a torsion module with p n+1 U n +i = 0, hence by 
Priifer's theorem (which can again be seen as a consequence of self-injectivity by [TBI 
Exercise 18, p. 115]) U n+ i is a direct sum of cyclic modules. The endomorphism 
rings of such modules can be described quite explicitly. For example, if C7 n +i 
is cyclic, then so is U n and all endomorphisms of U n +\ and U n are polynomials 
in a. In general, endomorphism of U n +\ are suitable matrices whose entries are 
polynomials in a. By a closer examination of this structure it can be verified that 
each endomorphism of U n extends to U n+ \. 

For a torsion module V with the primary decomposition (|3.5j) the center of Lr(V) 
is just the product of the centers of Lr(V p ). 



(3.5) 



(We may simply take F m = J2 




3.4. Mixed modules. To describe the center of Lr(V) for a general R- module V, 
let T be the torsion submodule of V and W = V/T. Assume that W ^ 0. Since W 
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is torsion- free, W* is divisible, hence V* = T* © VF*. Each central endomorphism 
b of V* commutes in particular with the projections of V* onto the two summands 
T* and W* , therefore it must be of the form 

b = f © r 

for some endomorphisms / and r of T* and W* (respectively). By Proposition 
13.41 r is essentially a rational function. Let T = ® q ^Q T T q be the decomposition 
of T into its primary summands, and let f q G Z(L(T q )) be the components of /. 
Let g p G L(T* , R(p°°)) r and go G L(T*,K)r be the components of g, and denote 
g P ,q = 9 P \T*. Then 

(3.6) rg p , q = g M f q for all g p , q G L(T ? *, or 5o , 9 G L(T*, if ) fl . 
We now study the question: 

For which q G Qt is possible that f q ^ r in R q (or in R/(q n ^)) in spite of 
the condition h3. 6\) ? 

Lemma 3.6. Let r G if and <p G R q . IfT q contains a nonzero divisible submodule 
or, if some nonzero quotient module of T q is divisible, then the condition 

rip = ip<f> for all ip G L(T*,K) R 

implies that r = <p in R q . 

The same conclusion also holds if T q is a direct sum of cyclic modules, T q — 
®i£jR/{q n ^), such that the set N q := {n(j) : j G J} is not bounded. 

Proof. If T q contains a nonzero divisible submodule, then it contains an indecom- 
posable, necessarily g-torsion, such module, hence R(q°°). For each n choose an 
isomorphism of i?-modules from (R/(q n ))* to R/(q n ), and therefore an isomor- 
phism 9 from (R(q°°))* = lim^(i?/(g™))* onto lim<_ R/(q n ) = R q - Observe that 
9 is then also a homomorphism of R q modules. Let tt : T* — > R q be the compo- 
sition 7r = 0n o , where 7r : T* — > (R(q°°))* is the quotient map (the adjoint of 
the inclusion R(q ca ) — > T q ). Since if is injective, the inclusion if n R q — > if can 
be extended to an i?-module homomorphism h : R q if. Let ip — hit. Then, 
from the condition rip = ip<f> we compute for every £ G T*, since tt is an i?-module 
homomorphism , 

rhir(S) = rip{§ = ip{<K) = for(#) = KMO)- 
Since n is surjective, this implies that 

rh(n) = h(<prj) for all rj G R q . 
If we take r) = 1, we get (since /i|if n i? g acts as the identity) 

(3.7) r = h{4>). 

If we can show that <p G K P\ R q , then ft(</>) = and we will have r — <p as claimed. 
Suppose that ^ if n i? q , that is ^ if . Thus z<p =t s for all nonzero 2 G i? and 
s G if , hence each element of (if fl + i?0 can be uniquely expressed as s + z0 
(s E K H R qi z £ R). But then, for any ro G if , we can first extend the inclusion 
KC\R q — ► if to the i?-module map fto : (KC\R q ) + R(p — )• if by ho(s + z<f>) — s + zr , 
and then further extend /lo to an i?-module map h : R q K . For such an ft we 
have ft(0) = tq, which contradicts (|3.7j) if we choose ro 7^ r. 
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If a nonzero quotient D of T q is divisible, then R(q°°) must be a quotient of T q 
(since R(q°°) is a direct summand, hence also a quotient, of D), hence (R(q°°))* is 
a submodule of T* . With 9 and h as in the previous paragraph, let now i/j : T* — > K 
be an i?-module homomorphic extension of h6. Now the equality rtp((,) = ip 
holds in particular for all £ G (R(q°°))* and, since 9 is an isomorphism of R q - 
modules, this implies that rh(rj) = h((jyq) for all rj G The argument from the 
previous paragraph shows now that r = <fi in R q . 

If T q is a direct sum of cyclic modules, as in the second part of the lemma, such 
that N q is not bounded, choose a sequence (jk)keN C J such that n(jk) > k for 
all fceN. Then there exist iZ g -module monomorphisms : R/(q k ) — > R/(q n ^ k >), 
which induce an embedding l : Y\ keN R/{q k ) — > IlfeeN R/(q n ^ k ' > )- There is also a 
natural embedding k : R q — > Jl/ceN R/(l k ) °^ -R g -modules, given by 

00 n 

k(^c 4 ^) = ([c ], [co + cig], . . . , [y^Cjg 1 ], . . .) (c< G i?, degree q < degreeg). 

i=0 i=0 

Finally, since (jk)k<£K is a subset of J, we have the obvious embedding 

rrJJ R/(q n ^)^l[R/(q^). 

fceN je,7 

Let a : R q — > T* be the composition cr = 9~ 1 tlk, where 

: r; = n(^/(9 ,i(j) )* -> n R i^ n[j) 

is the isomorphism defined via some isomorphisms (R/(q n ^)* —> R/(q n ^) of R q - 
modules. Now, since all these are i? g -module maps, we may regard R q as a sub- 
module in T* and the proof can be completed as before, using the map h. □ 

If Tq does not have any nonzero divisible submodule, then there exists in T q a 
submodule B q such that B q is a direct sum of cyclic modules and T q j B q is divisible. 
(This follows from Kulikov's theorem [18j 4.3.4] for Z-modules, the proof for F[i]- 
modules is essentially the same.) So, unless T q = B qi T q has a nonzero divisible 
quotient and therefore by Lemma 13.61 the condition ()3.6|) implies that f q = r. In 
the remaining case, T q = B qi T q is a direct sum of cyclic modules as in the second 
part of Lemma 13. 61 hence, if the set N q is not bounded (|3.6[) again implies that 
f q — r. On the other hand, if the set N q is bounded, say by the least upper bound 
n(q), then q n ^T q = implies that T* is a torsion module, hence there can be no 
nonzero module maps from T* to K. But there are nonzero such maps from T* 
to R(p°°) if p = q for some p G Pw, where Pw is the set of all primes p G R such 
that W* contains R(p°°). Namely, in this case R(q°°) and T* each contains its 
own copy of R/(q n ^) and if we choose g q , q so that it identifies these two copies 
isomorphically, then we see easily that (|3.6p implies that f q — r modulo (q n ^). 
This proves: 

Lemma 3.7. If f q r, then q is necessarily in the subset S of Qt\Pw consisting 
of those q for which T q is a direct sum of cyclic modules of bounded orders < n q . 

Finally, let S b = {q G S : f q ± r in R/{q n ^)}. 

Lemma 3.8. The set Sb is finite. 
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Proof. If not, then there exists a sequence Si = {go, qi, ■ ■ ■} Q Sb such that qj ^ q% 
if j =/= i. Consider the module 

which is a direct summand in T* . Let r — u/v with u,v relatively prime polyno- 
mials. Let lu G U be defined by ui — (uij)j e ^, where ujj G (R/(qj 3 ))* is such that 

qj 3 1 ujj 7^ 0, and let p = (pj)jen be p — vuj. For any go G L(T*,i"Q^ we have 
that rg (p) = g Q (fp) (since (/ © r) G Z), hence W5o(p) = vg (fp), consequently 
ugo(«w) = vg (fvu), thus 

g (uw - u/w) = 0. 

Since this holds for all go and K is injective, this implies that the element uuj—vfui is 
torsion, say h{u—vf)uj = for a polynomial /i. Since the components of this element 
are h(u — vf qj )uij, it follows from the definition of u that q™ 3 divides h(u — vf qj ). 
Since h has only finitely many divisors, it follows that for all sufficiently large j 
u — vf qj must be divisible by q™ 3 , say u — vf qj — Sjq™ 3 for a polynomial Sj. Then 

(3.8) - = f gj + %?. 

v 3 v J 

Since v can be divisible only by finitely many prime factors qj, 1/v acts as a 
multiplication by a polynomial on (R/(qJ 3 ))* if j is large enough. (If 1 = mv + zq n -> 
for some polynomials m, z, then 1/v acts as the multiplication by m.) Thus (|3.8[) 
implies that r and f qj coincide as operators on [R/ (q™ 3 ))* for large enough j, hence 
also on R/(q™ 3 ) = (R/(q™ 3 ))* , but this contradicts the definition of □ 

Observe that the submodule Tb :— (Bq£S b T q of V is pure in the following sense: 
given rj G Tb and p G R, if there exists £ G V such that p£ = 77, then there exists 
C G Tb such that p( = r\. Since Sb is finite, we can form qb = Yi q es b 9™ 9 an( ^ clearly 
g^T 1 ;, = 0. It follows now from |13[ Theorem 7] that Tb is a direct summand in V, 
say V = T b © W 6 . Let T = ® qe Q T \s b T q , so that T = T b © T . Then 

T fc * © VK b * = y* = T* © = T b * © T * © PF*, 

hence W b * is naturally isomorphic to T * © VF* (both are isomorphic to V*/T b ). 
Since b acts on Tg ffi W* as the multiplication by r (by the definition of Sb), the 
same must hold for the action of b on W b * and consequently also on Wb- 

The above discussion and lemmas prove the following theorem in the harder 
direction. 

Theorem 3.9. Let T be the torsion submodule of a module V over R — F[t], 
W = V/T and Z the center ofhn(V). Denote by Pw the set of all primes p G R 
such that pW ^ W, by Qt the set of all primes q G R such that the q-primary part 
T q of T is nonzero and by S the set of all q G Qt \ Pw such that T q is a direct 
sum of cyclic modules of orders bounded by n q (that is, q rig T q = for n q G N and 
we choose the minimal such n q ). Suppose that W ^ 0. Then for each b G Z there 
exist a finite subset Sb of S and a submodule Wb of V such that 

V = T b ®W b , where T b = ® qe s b T q , 

b acts on Wb as the multiplication by a rational function r G K and b acts on each 
summand T q of Tb as the multiplication by a polynomial f q . Conversely, any map 
b on V for which there exist such a decomposition of V and b is in Z. 
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Proof. It only remains to prove the sufficiency of the stated conditions for b to be 
in Z. So, let b = {(B q es b f q ) © r be the decomposition of b with respect to the 
decomposition 

(3-9) V = (® veSb T q )@W b 

of V, where r G K and f q € R/(q nq ). Because of incompatible torsion there can be 
no nonzero module homomorphisms between T qi and T q2 for different qi,q2 in 
If we can show that there are no nonzero homomorphisms from T q to Wb and from 
Wb to T q , then each endomorphism of V will be represented by a diagonal matrix 
relative to the decomposition (|3.9I) . hence clearly & will be in Z. 

Note that for q £ S b the multiplication by g acts as an invertible operator on 
W b * = Tq © W* (hence also invertible on Wb) since it acts as an invertible operator 
on each primary summand T p of T (hence also on the dual T * of the direct sum 
of such summands) and also on each summand R(p°°) of W* (since q £ P w ). 
Since q nq T q — 0, while the multiplication by q acts as an invertible operator on 
Wb, Ln(T q ,Wb) = 0. To show that also Ln(Wb,T q ) — 0, it suffices to show that 
L(T*,W b *) = 0. But this follows from q riq T* = and the fact that q acts as an 
invertible operator on W b *. □ 

Example 3.10. If V contains a copy of R as a direct summand, then Z(Lr(V)) — 
R. This is known (see [13l Exercise 95]), but also readily follows from Theorem l3.9l 
Namely, let V — R Vq . The torsion submodule T of V is the torsion submodulc 
of V , and W := V/T = R © (V /T). Hence pW ^ W for all primes p G R, so 
Pw is the set of all primes in R and S C Qt \ Pw = 0- Thus Z C K. Since the 
denominators of functions in Z are not divisible by any prime p S i? (because Pw 
contains all primes in P), Z must be P. 

Similarly, if V contains a copy Po of P such that the quotient P-module V/Ro 
is torsion-free, then Z(L^(V r )) = P. In this case V is necessarily torsion free, and 
it is easy to see that pV ^ V for all primes p <E V. 

4. The range inclusion for derivations 

Let F(V) be the vector space of all finite rank linear operators on a vector space 
V. F(V) is naturally isomorphic to V ® V* by the isomorphism which sends £ ® p 
(£ 6 V, p G V^*) to the rank 1 operator ij i-> p(rj)£. Thus the dual space of F(V) 
can be identified with (F © V^*)* = L(V*). 

Theorem 4.1. Let <i a a?i(i be the derivations on L(V) induced by operators 
a, b 6 L(V). T/iew kerd Q C kerd;, «/ anrf okZ?/ if db(F(V)) C d a (F(V)). in i/iis case 
i/ie inclusion im db* C imd a » aZso holds. 

Proof. Note that ker c£ a is just the commutant (a)' of a and that the inclusion 
(a)' C (&)' is equivalent to b G (a)"- (Indeed, by taking the commutants we infer 
from (a)' C (&)' that b G (a)". Conversely, 6 G (a)" implies that (a)'" C (b)'; but 
A'" = A' for any subalgebra A of L(VQ, as it is easy to deduce from the obvious 
inclusion A C A".) Thus the conditions kerd a C kerdb and b G (a)" are equivalent. 
By the same argument the conditions kerd a * C kerdb* and b* G (a*)" are also 
equivalent. But by Theorem 12.41 & G (a)" if and only if b* G (a*)", hence it follows 
that the two conditions kerd a C kerd^ and kerd a * C kerdb* are equivalent. It is 
easy to verify that d a * = — (d a )*, hence kerd a * = (d a {F(V))) ± and similarly for 6, 
so the last inclusion is equivalent to d&(F(V)) C d a (F(V)). 
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If ker d a Q ker db , then 

imtfe. =im((d b \F(V))*) = (kevd b \F(V)) x C 
(kerd a |F(y)) x =im((rf a |F(^))*)=imrf ,. 

□ 

Is there any connection between the two range inclusions 

(4.1) d b (F(V)) C 4(F(^)) 
and 

(4.2) *(L(V)) C d a (L(V))7 

The following example show that (|4.2[) does not imply (14. ip . 

Example 4.2. Let V" = F< N ) and a G L(V) be as in Example 13. H so that any 
b G (a)" is a polynomial in a. We may represent operators in L(V) by N x N 
matrices (that have in each column only finitely many nonzero elements). A short 
computation shows that d a is surjective on L(V). Thus the inclusion (|4.2[) holds 
for all b G L(V"), not just for b G (a)"- (In this respect a behaves quite differently 
from the shift operator on the Hilbert space l%\ for the latter see [22].) 

In the rest of the paper we will try to prove that (|4.1[) implies (|4.2p , which is (by 
the proof of Theorem 14. ip equivalent to the following theorem. 

Theorem 4.3. Let a,b G L(V"). If b G (a)", i/ien t/ie range inclusion d b (L(V)) C 
d a (L(V)) /ioWs. 

We will divide the proof of this theorem into several cases. 

4.1. The case when (a)" is isomorphic to a subalgebra of F[t]. First we will 
consider the simple case when the center of Lr(V) is just R = ¥[t] (hence any 
b G (a)" is a polynomial in a). For this and a later use, it will be convenient to 
have the following definition. 

Definition 4.4. For a polynomial p(t) = Y^ij=o a 3^ ^ ne derivative of the map 
a M> p(a) at a point a £ L(V) is the linear map p a : L(V) — > L(V) defined by 

n j— l 

p a (a) = XI a J H o* - * -1 ^' (s G L(V)). 

Clearly p a is an (a)'-bimodule endomorphism of L(V) and a simple computation 
shows that 

(4.3) d a (p a (x)) = d p(a) (x) 

for all x G L(V). Thus imd p ( a ) C imc? a . Moreover, the following form of Leibnitz 
rule can also be easily verified: 

(4.4) (pq)'a(x) =p a (x)q(a) + p(a)q a (x) (x G L(V), p,qeR). 

This suggest us to define r a {x) for any rational function r = p/q, such that q(a) is 
invertible, to be the unique operator satisfying the following two equivalent identi- 
ties: 

(4.5) q(a)r a (x) + q a {x)r(a) = p a (x) = r a (x)q(a) + r(a)q a (x); 
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that is 

f a (x) = q(a) _1 p a (x) - q(a)~ 1 q a (x)r(a) (x G L(V)). 

Then it can be proved that (14. 3|) and (14. 4p hold for rational functions. (To prove 
that (rs)' a (x) — r a (x)s(a) + r(a)s a (x) for two rational functions r and s, one shows 
that f a (x)s(a) + r(a)s a (x) satisfies one of the two defining identities (|4.5[) for the 
product rs in place of r.) Then (|4.3j) implies that the range inclusion imc4 C imd a 
holds whenever the center of Lr(V) is a subalgebra of K = ¥(t), in particular if V 
is torsion-free, by Proposition 13.41 

4.2. The case of locally algebraic operators. We study next the case of torsion 
modules, that is, we assume that a G L(V) is locally algebraic. If a is algebraic, 
each b G (a)" is of the form b = /(a) for a polynomial /, and db = d a f a by (14. 3|) . 
hence im (4 C im d a . Assume now that a is not algebraic but that V is p-primary for 
some prime p G R, that is, V = U^ =1 f/ m , where £/ m = kerp(a) m . Then 6 = /(a) 
for a power series of the form (|3.ip (see Subsection 3.3). For such a series / we 
would like to define /„ : L(V) -> L(F). 

Definition 4.5. Given £ € V, choose m so that £ G t/ m , and then choose fc such 
that all the vectors p a (x)p(a,y £ (j = 0, . . . m) are in £4 and set n = k + m. Choose 
a polynomial F n G R such that the coset of F n in R/ (p n ) is equal to the image of / 
under the natural map R p — > R/{p n ) (for example F n = 53™==o /i^ 7 ' wnere fj are 
as in (|3.1[) ) and set 

(4.6) /„(a;)$ = (i^O^. 

We have to show that this definition is independent of the choices of m, k and 
F n . If G n is another such polynomial, then G n — F n = qp n for a polynomial q E R. 
Using the product formula (|4.4p and induction we have (since p(a) n £ = 0) that 

n 

(qp n y a (x)£ = q a (x)p n (a)i + q(a)(p n ) a (x^ = q(a) ^(a)^"^^ = 0, 

since n — j — 1 > fc for all j = 0, . . . , m— 1. Thus (Gn)a(z)£ = (-FnTaC^)^- Enlarging 
m and /c would give us a polynomial congruent to F n module p n . This shows that 
f a is well defined. Moreover, it can be readily verified that /„ is an (a)'-bimodule 
map on L(V), and that d a f a — djr a \ = db, hence im4 C imd a . 

In the general case of several primary summands, relative to the decomposition 
V = (B P £pVp each operator x G L(V) is represented by an infinite operator matrix 
[ajp,q], where x v%q is an operator from V q to V p . Denoting by a p and b p the restrictions 
of a and b to V p , the proof that im db C imc? a reduces to showing that the equation 

(4.7) a p x — xa q = y 

has a solution x in L(V q ,V p ) for each y G L(V q ,V p ) of the form b p z — zb q . If 
q = p, this has just been proved in the previous paragraph, while if q =/= p it is 
a consequence of Lemma 14.61 below. We remark that the equation of the form 
cx — xd — y has been studied in the analytic context using the notion of spectrum 
(see e.g. [19] or \T7\ p. 8]), but this method does not apply to the purely algebraic 
context of Lemma 14.61 
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Lemma 4.6. Let c, e be linear operators on vector spaces V c and V e . If there exists 
a polynomial v such that v(e) = and v(c) is invertible, then for each y £ L(14, V c ) 
the equation 

(4.8) cx — xe = y 

has a unique solution x £ L(V e , V c ). 

The same conclusion holds under the assumption that one of the spaces V c , V e , 
say V e , is of the form V e = ker q(e) n for a polynomial q such that q{c) is 

invertible. 

Proof. Observe that for any polynomial f — ^2 otjt 3 , x £ L(V^, V c ) and y := cx — xe 
the following identity holds: 

3-1 

(4-9) f(c)x - xf(e) = <*i E ^ V =: fcAv) 

j i=0 

Applying this to f — v, if v{e) = and v(c) is invertible, we deduce that 

(4.10) X = v(c)- 1 V c , e (y)- 

Conversely, a direct computation (using the definition (|4.9[) of f c ,e{v)) ver i nes that 
x given by (|4.10[) is indeed a solution of (|4.8I) . 

In a more general situation of the second part of the lemma, we try to solve the 
equation (|4.8[) locally, that is, for each £ £ V e we choose n so that £ £ ker q(e) n and 
then, as suggested by (|4.10[) we set 

xt := q(c)- n (q n } c Ay)Z, 

To show that x^ is independent of the choice of n, note (by a straightforward 
computation) for any two polynomials u, v the equality 

(uv) c Av) = Uc, e (y) v ( e ) + u ( c )vcAy)- 

Applying this to u — q and v = q n , we obtain (since <?(e)™£ = 0) that 

q(c)- n ~\q n+1 )- c Ay)t = q{cr n {q n )cAy)t 

So x is a well-defined map and it is easy to verify that x is linear and satisfies the 
equation (|4~8| . □ 

4.3. The general non-torsion case. For a general non-torsion module V we know 
from Theorem 13.91 that for every b in (a)" (= the center of Lr(V)) V decomposes 
into a direct sum V = ((B q es b T q ) © Wb so that b acts on Wb as the multiplication 
by a rational function r (that is, = r(a\Wb)) and 6 acts on each T q as the 

multiplication by a polynomial / g . Moreover, q{a)\T p is invertible if p, q £ Sb are 
different (since p and q are different primes in R). Also g(a)|Wb is invertible for 
g 6 Sj,, as we have seen in the proof of Theorem 13. 91 If we now represent operators 
in L(V) by matrices relative to this decomposition of V, we may again use Lemma 
14.61 in the same way as above, to show that the equation ax — xa = y has a solution 
for each y £ imc^. 

Remark 4.7. Let b £ (a)" . An examination of the above arguments shows that there 
exists an (a)'-bimodule endomorphism D a b ■ L(V) — > L{V) such that d a R> a ,b = db- 
(For example, if b = f(a) for a polynomial /, then D a ,b '■= f a -) 
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5. A COUNTEREXAMPLE AMONG BOUNDED OPERATORS 

An example will show now that the results of Section 2 can not be generalized to 
bounded operators. In the example a Banach space X and operators a, b £ B(JT) 
(the algebra of all bounded operators on X) will be presented such that b is in 
the bicommutant (a)" of a in B(X), but nevertheless its adjoint 6* is not in the 
bicommutant of a" in B(X"). Here we use the notation X$ for the Banach space 
dual of X, to distinguish it from the linear space dual X*. Similarly, a" denotes 
the bounded adjoint operator of a acting on X*. 

Example 5.1. Let H be a separable infinite dimensional Hilbcrt space, B the 
algebra of all bounded linear operators on H, K the ideal in B of all compact 
operators, C = B/K the Calkin algebra and T the ideal in B of all trace class 
operators. It is well-known (see e.g. [2TJ Section II. 1] or [12]) that K* = T and 
= T®K- L , where K x is the annihilator of K in 5*, and = CK 

Let ao £ if be an injective operator represented in some orthonormal basis of H 
by a diagonal matrix with the diagonal entries a n , with a n ^ a rn if n ^ m. Denote 
by £) the algebra of all operators in B that can be represented by diagonal matrices 
with respect to the same orthonormal basis as ao- Thus D is the commutant and 
the bicommutant of ao in B. Finally, let a £ B(B) be the left multiplication by ao 
(that is, a(x) = a^x for all x £ B). Note that a' is the right multiplication by ao 
on (where pao is defined by (pao, x) = (p, aox), for all p £ B$ and x £ B), T is 
invariant under a', and a"(C") = since ao is compact. Thus a" on B$ = T®C i 
decomposes into the direct sum a" = (a"|T) © 0, hence (a')' contains all maps on 
T © C" of the form © ft, where ft is the right multiplication on C* by any element 
c £ C. We can choose c £ C and d £ D so that cdo ^ doc, where do denotes the 
coset of do in the Calkin algebra C . (Indeed, since D is equal to its own commutant 
in B, the same holds for the image of D in C by [10].) Let d : B — ► _B be the left 
multiplication by do. We will show that d G (a)" and that nevertheless $ (a")". 

Let / £ (a)' C B(B) and let / = /„ + f s be the decomposition of / into the 
normal part /„ and the singular part f s (this means that /„ is weak* continuous 
and f s {K) = 0, see [T2j Chapter 10]). Then f n and f s are both in (a)'. (Indeed, 
the equality fa = af can be written as f n a — af n = af s — f s a, where the left side 
is normal and the right side is singular, so they are both 0.) So f s a = af s , which 
means that 

f s (a x) = a f s (x) for all x £ B. 

Since ao £ K, f g (aox) — 0, hence also aof a (x) = for all x £ B. Since ao is 
injective, we deduce that f s = 0, hence / = f n is normal. Let (a n ) be a sequence in 
the algebra generated by ao, converging to do in the weak* topology. Since / £ (a)', 
/ commutes with the left multiplications by all a„. Then the weak* continuity of 
/ implies that 

f(dox) = lim/(a n x) = lirna n /(a;) = dof(x) for all x £ B. 

n n 

Hence d commutes with / and therefore d £ (a)". 

If $ were in (a")", then in particular d"|C" would commute with the right mul- 
tiplication ft by c on C", since © ft is in (a")' by the second paragraph of this 
example. This would imply that doc = cdo, a contradiction with the choice of c 
and do. 
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There is no simple description known for the bicommutant of a general bounded 
operator a G B(i?), where H is a Hilbert or a Banach space. (There exist, however, 
representations of an operator algebra, say the one generated by a and 1, or a 
dual Banach algebra, such that its bicommutant is simply its weak* closure, see [1] 
and [5].) Further, the exact analogy of Theorem 14.31 in the context of B(ff) is not 
true even for normal operators . But perhaps a more proper formulation of the 
problem is as follows. 

Problem. Suppose that operators a, b S B(if) satisfy ||cf&(x)|| < «;||d a (x)|| for 
all x G B(7J), where k is a constant. Is then necessarily db(B(H)) C d a (B(H))7 
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